
(1)(1)

(4)(4)

(5)(5)

(2)(2)

(3)(3)

Heuristic Arguments for an infinitude of Mersenne primes and a finite number of Fermat primes.  

In number theory arguments, we often are not able to prove a conjecture but we can show it is 
reasonable by using heuristic arguments.  We make the heuristic assumption--- clearly not true, not even 
strictly meaningful, but in practice very powerful---that the events of two different numbers being prime 
are independent, so we can multiply the probabilities.

First we investigate a heuristic argument for the number of Mersenne primes. 

Because 2^p -1 is not divisible by 2, 3, or 5, we can only have 8 possible remainders mod 30, increasing 
the default primality probability from 1/log(N) to 30/(8 log(N)).  (For the sake of simplicity, we will skip
the complications arising when considering this mod 7, mod 11, mod 13, etc., which in fact will only 
increase the probability of being prime.)

For any (prime) number p, the probability that  2^p - 1 is prime is at least 
30/(8 log(2^p-1)) = essentially 30/( 8 p * log(2)). 
So the probability that 2^p-1 is not prime is at most  1 - 30/( 8 p * log(2))   
and so using our heuristica ssumption, the probability that a long string of p values will not give a single 
2^p - 1 prime is at most 
product(1 - 30/( 8 p * log(2)) ) 
where the product is over the sequence of p values one is considering.  

So for instance, the probability that there is no Mersenne prime for p values between the 1000th prime 
and the 2000th prime is heuristically at most 

mul evalf 1K
30

8$ ithprime n $ln 2
, n = 1000 ..2000

0.6360818953
In fact, there are three Mersenne primes in this range so our probability calculation is underestimating 
the probability of a Mersenne prime existing. 

ithprime 1000 ; ithprime 2000
7919

17389
Using the fact that the nth prime is about  n * log(n), we can get a good estimate of the probability of a 
Mersenne prime between two high values.  For instance, the probability there is no Mersenne prime 
between the 1000000th  prime and the 2000000th prime is heuristically at most 
Digits d 25;

25

mul evalf 1K
30

8$n$evalf log n $log 2
, n = 1000000 ..2000000

0.7673250765682282892888040
ithprime 1000000 ; ithprime 2000000

15485863

32452843
So there is at most a 76.73% chance of no Mersenne primes in this range.  This calculation took about 
ten minutes, I am not sure why it took so long.  We set the number of floating point digits to 25 instead 
of using the default ten digits, because of roundoff error affecting the sixth decimal place of each term, 
hence the product of 10^6 such terms could lead to a large error if we only had ten digits of accuracy.  
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In fact, there are five Mersenne primes in this range (if you look at the list of Mersenne primes, the 
values are unusually close in this range.)  

The general argument:  
The probability of no Mersenne primes in the range between the Mth prime and the Nth prime is (using 
the heuristic assumption) the product over all the primes in this range 
product( 1 - 30/(8 p log(2)) ) .
Since the kth prime p_k is roughly k log(k) we see that this product is essentially 
A = product( 1 - 30/( 8 k log(k) log(2)), k= M..N)  
where we denote the product by the letter A.  
Now take a log of both sides: 
log(A) = sum( log( 1 - 30/( 8 k log(k) log(2)) ), k=M..N)
and use the Taylor series linear approximation for the log (that says log(1-z) is essentially  -z when z is 
small) to get 
log(A) = sum( -30/( 8 k log(k) log(2)), k=M..N)
Now use the integral approximation of this sum (the integral test for convergence applied in reverse!).  
The indefinite integral is 

int
K30.0

8$ k$log k $log 2
, k

K5.410106403 ln ln k
so we have log(A) is about  -5.4 ( log(log(N))-log(log(M)).  
No matter how large M is, if we take N much larger, we get log(A) is very negative.  
Thus, A is very close to zero, that is, the probability of having no Mersenne prime in the range from the 
Mth prime to the Nth prime is almost zero.  Thus, we conclude there should be an infinite number of 
Mersenne primes, even though there are only 48 known Mersenne primes (as of February 2013).  

Now the heuristic argument for Fermat primes:  the probability that 2^(2^n) + 1 is prime is naively  1/log
( 2^(2^n) + 1) which is about 
1/(2^n log(2)).  In fact, this is too low by a factor, let us say 10, but even if it were off by a power of n, 
this argument would give the same answer.  So the probability of  2^(2^n)+1 not being prime is  
1 - 10/( 2^n log(2) ) .  
Using our heuristic assumption, the probability of no Fermat primes for n from M to N is 
product( 1 - 10/( 2^n log(2) ) , n = M..N).  
We try some examples, setting M=5 since that is the first value for which 2^(2^n)+1 is not prime.    

mul evalf 1K
10

2n$ln 2
, n = 6 ..10000

0.6126762632676369439796785
This says there is a 61% chance of no further Fermat prime, not so convincing.  But calculations have 
shown that for M <= 32 there are no primes, so we can begin with M=33.  

mul evalf 1K
10

2n$ln 2
, n = 33 ..10000

0.9999999966409638540968104
This is much more convincing that there are probably no more Fermat primes!

In general, we can consider 
A =  product( 1- 10/(2^n ln(2)), n=M..N)
and again take logs
log(A) = sum( log(1- 10/(2^n ln(2))), n=M..N)
and again the linear approximation of the log



(10)(10)

(9)(9)

(11)(11)

sum(  -10/(2^n ln(2)), n=M..N)
and again the integral approximation of the sum

int K10 / 2^n ln 2 , n = M ..N  

10 K2KMC2KN

ln 2 2

so no matter how large M is, if we take N much larger, then the 2^-N  term is negligible, so the 
probability goes to a nonzero constant.  Taking M > 32, we see that log(A) is smaller in absolute value 
than 

evalf K
10$ 2K33

ln 2 2

K2.423032397643672067054526 10-9

and so the probability  A  itself is at least 
exp K2.423032397643672067054526 10K9

0.9999999975769676052918709
This indicates why we conjecture that there are no more Fermat primes, contrasting with the argument 
above that claims there are probably an infinite number of Mersenne primes.  


