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We will investigate consecutive cubic happy numbers. But they can only be "consecutive” in an
arithmetic progression with common difference 3. We will abuse language by saying "six in arow"
when we really mean a 3-consecutive sequence of length six.

Note that Dr. Grundman uses S { 3,10} but we will simply use Sin the explanation, which in our
program is the procedure ‘onestep’. We will proceed as we did with the classic happy numbers but this
time we split off the last two digits rather than just one digit. This makes the loops ten times longer but
keeps the things simple.

lowest 2 in arow are 1198 and 1201

lowest 3in arow are 169957, 169960, 169963

We are seeking lowest with four in arow.

Claim: N = 66888899999956

For fiveinarow, itis

N = 35588899999799999999999999989

for six inarow try

N
2888899999999999999999999919999999999999999999999999999999999999999999999999999\
9999999999999999999989;

Our goa hereisto find six in arow.

Also note we will use adot asthe digit concatenation operator. Thus, 111112999994 could be written
11111.2.9999.94 if we wish.

| First we define our procedures.

| > restart;
> f:=n — n"3; #incasewe ever want to investigate the cube of the digits, etc.
i fi=n—n’ 1)
> bs:= 10; #thisisthe base, in case we ever want to investigate binary or ternary or other base.
bs:=10 2

> onestep := proc(nl)
#thisiswhat Dr. Grundman calls S {3,10}(n1) and what we will simply call Sbelow.
local ans, n, d;
n := nl;
ans := 0;




whilen > 0do

d := nmod bs
ans:=ans + f (d);
n:= (n-d)/bs
end do;

ans

end;

onestep := proc(nl) 3
local ans n, d;
n:=nil,
ans:=0;
while 0 < n dod:=mod(n, bs); ans:=ans+f(d); n:= (n —d) /bs end do;
ans
| end proc

> happy := proc(n)
# returns -1 if not happy, and returns the number of stepsto reach 1 if it is happy

local m, j, height;
m:=n;
height := -1,

for j from 1to100 while (m > 1 and m # 4) do
m := onestep(m);
end do;
if m=1then height := j; end if;
height;
end;
happy := proc(n) (4)
local m, |, height;
m:=n;
height:= —1;
for j to 100 while 1 < m and m<>4 do m:= onestep(m) end do;
if m=1 then height:=j end if;
height
| end proc
B

We now show that this N has six "in arow", that is, a 3-consecutive sequence of cubic happy numbers
Lof length six, with N given by this 101 digit number: 28888.(21 nines).1.(72 nines).89

> N

2888899999999999999999999919999999999999999999999999999999999999999999999\
9999999999999999999999999989:;
N := ©)
28888999999999999999999999199999999999999999999999999999999999999999999999\
999999999999999999999999989

> happy(N); happy(N + 3); happy(N + 6); happy(N + 9); happy(N + 12); happy(N + 15);
happy(N + 18); happy(N — 3);




N N0 OO O

-1
L -1 (6)
> evalf (loglO(N) );
| 100.4607325 @)
> 101-9%
73629 (8)

50 we do need to check six in arwo possibilities up to almost 75000.

We check for four or more in arow, beginning with a=220000 (where we finished with the least fivein
| arow analysis we have already completed).

[ >
> for afrom 22000 to 50000 do
for d1from 0to9do
s:=(1—a—dl) mod3;
for dO from sto9 by 3 do
if happy(a + onestep(d1-10 4+ d0)) > 0 and happy(a + onestep(d1-10 +d0+3)) >0
and happy(a + onestep(d1-10 +d0 + 6)) > 0 and happy(a + onestep(d1-10 + dO
+9)) > Othenprint( a, d1, dO, happy(a + onestep(dl-10 + dO + 12) ), happy(a
+ onestep(d1-10 +d0 + 15))); end if;
end do;
end do;
end do:
31404,6,7, -1, -1
37404,6,7, -1, -1
39547, 4,5, -1,4
45405, 3,4, -1, -1
45703,3,3, -1, -1
45722,2,3, -1, -1 (9)

> for afrom 50000 to 75000 do
for d1from0to9do
s:= (1—a—dl) modS3;
for dO from sto9 by 3 do
if happy(a + onestep(d1-10 + d0)) > 0 and happy(a + onestep(d1-10 +d0+3)) >0
and happy(a + onestep(d1-10 +d0 + 6)) > 0 and happy(a + onestep(d1-10 + dO
+9)) > Othenprint( a, d1, dO, happy(a + onestep(dl-10 + dO + 12) ), happy(a
+ onestep(d1-10 +d0 + 15)) ); end if;
end do;
end do;
end do:
54405, 3,4, -1, -1




54740, 2,3, -1, -1

54748, 0, 3, -1, -1

55215,6,7, -1, -1

69737,5,6, -1, -1

69854, 5,6, -1, -1

69854, 8,9, -1, -1

70062, 1,6, -1, -1

70582, 1,2, -1, -1

70736, 8,9, -1, -1

71464,1,2, -1, -1

73404,6,7, -1, -1
i 73746,9,7, -1, -1 (10)
' These results show there s no five in arow without acarry. If thereisa4/2 split or a2/4 split about the

carry, it could only occur with N having last digits 88, 89, 90, or 00, 01, 02; only two of the above
satisfy this, a=69854 and 70736.

> a = 69854,
ktop := iquo(a, 9%);
for k from O toktop do #k isthe number of nines at the end of N1.
for d2from 0to8do #d2isthedigit that precedes the k digits of nine.
if happy(a + (d2 +1)% — d2® — 9%k + 13) > 0and happy(a + (d2 +1)° —d2® — 9>k
+4%) > 0then print(k, d2, happy(a + (d2 +1)° —d2® — 9>k + 7°) ) end if;
end do; end do:
a = 69854
ktop := 95
1,1 -1
72,1, -1 (11)

> a:= 70736;
ktop := iquo(a, 9°);
for k from O toktop do # k isthe number of nines at the end of N1.
for d2from 0to8do # d2isthedigit that precedes the k digits of nine.
if happy(a + (d2 + 1)° —d2® — 9k + 1%) > 0and happy(a + (d2 + 1) — d2® — 9>k
+4%) > 0then print(k, d2, happy(a + (d2 + 1) —d2° — 9>k + 7°) ) endif;
end do; end do:
a:=70736

| ktop := 97 (12
' We use our LowCubics program to investigate the a=69854 cases, and the smallest example comes
| from k=72, d2 = 1, giving us the 101 digit number N =28888.(21 nines).1.(72 nines).89.

[>
[>
[>
| Wewill now check for a3/3 split over the carry. Then the last digits of N must be 91 or 92 or 93.

> for dOfrom1to3do
s:= (1—d0) mod 3;
for afrom s+ 21000 to 70000 by 3 do




if happy(a + onestep(90 + d0)) > 0 and happy(a + onestep(90 +d0 +3)) >0
and happy(a + onestep(90 + d0 + 6) ) > 0 then print( a, dO, happy(a + onestep(90
+d0 - 3))); endif;
end do;
end do:
69854, 2, 5
45001, 3, -1
L 54019, 3, -1 (13)
[>
EWe check the 45001 and 54019 for 3/3 split possibilities:
> a = 45001,
ktop := iquo(a, 9%);
for k from O toktop do # k isthe number of nines at the end of N1.
for d2from 0to8do #d2isthedigit that precedes the k digits of nine.
if happy(a + (d2 +1)% — d2® — 9%k + 2°) > 0and happy(a + (d2 +1)° — d2® — 9*k
+5°) > 0then print(k, d2, happy(a + (d2 +1)° — d2® — 9>k + 8°) ) end if;
end do; end do:
a :=45001
ktop := 61
34,5, -1
| 36,2, -1 (149
> a:= 54019;

ktop := iquo(a, 9°);
for k from O toktop do # k isthe number of nines at the end of N1.
for d2from 0to8do # d2isthedigit that precedes the k digits of nine.

if happy(a + (d2 + 1)° —d2® — 9%k + 2°) > 0and happy(a + (d2 + 1) — d2® — 9>k

+5°) > 0then print(k, d2, happy(a + (d2 +1)° —d2®* — 9°k+8°) ) endif;
end do; end do:
a:= 54019

ktop:=74

36,1, -1
| 70,6, -1 (15)
50 the 45001 and the 54019 cannot have three after the cary.

| Thus, our N above is the smallest example.

[>
[>



